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Abstract

The paper analyses performance boundaries of systems converting the heat energy into the 
mechanical or separation work. Authors approach this problem from the view-point of the fi nite-time 
thermodynamics. Using thermodynamic balance equations, authors provide the algorithm for calculation 
of realizability domain for such systems. The paper shows that the performance of these systems is 
the upper bounded function of the heat fl ux, assuming that heat and mass transfer coeffi  cients are 
given. Authors present suffi  cient conditions under which the effi  ciency (specifi c heat fl ux per unit of 
the useful fl ux) of the system does not depend on kinetic coeffi  cients when operating in the maximum 
performance mode. The paper shows how to use these conditions to optimally choose the separation 
order for multicomponent distillation.
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Introduction

Systems converting the heat energy into some kind of work are very common in the 
industry. It is not only heat engines but also systems separating liquid and gas mixtures. 
For the latter case a system produces a separation work, increasing the Gibbs energy of 
outgoing lows compared to ingoing ones. The expression for the ef iciency of a system 
follows from thermodynamic balance equations: energy balance, material balance and 
entropy balance. The geometry of the realizability domain can also be determined 
using these equations. The entropy balance equation contain σ which is equal to the 
overall energy dissipation within a system. Its value is always non-negative.

The realizability domain on the plane where the x-axis corresponds to heat lux 
and the y-axis corresponds to the performance value is getting narrower when σ 
increases. The upper bound of this domain would be obtained if one assumed σ = 0. 
The bounding curve in this case is a straight line has the slope equal to the ef iciency 
of the reversible process ηrev. It is the Carnot ef iciency for the heat engine with the 
sources having constant temperature [1]. This ef iciency is equal to the ratio of the 
Carnot ef iciency and the speci ic separation work for the distillation column having 
temperatures within the reboiler and the re lux drum constant, when the performance 
is assumed to be the feed lux [2,3]. Temperatures within the reboiler and the re lux 
drum play the role of sources’ temperatures.

If one estimated the energy dissipation from below, obtaining its relation to the 
luxes, kinetic coef icients etc., the realizability domain would become narrower and 
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its geometry would change. Its qualitative characteristics depends on the nature of 
the target low and energy low. It will be shown below that if the energy low is the 
the heat energy one and the target low is the electrical or mechanical energy one, 
the realizability domain will be very close to the concave bounded parabola, but if the 
energy low is the mechanical work one and the target low is the heat energy one, the 
realizability domain is concave but unbounded.

The irst works researching performance boundaries of the irreversible 
thermodynamics systems were the papers, considering cycles of heat engines of 
the nonzero power output ([4,5] and many others). This area still remains of great 
interest and there are many modern writings on the subject [6-18]. The papers such 
as [7-10,12,16,17] consider special cases of kinetic laws, the others (for example, 
[11,14,18]) solve the problem for the general formulation of kinetics. The general 
proof of the independence of the system ef iciency of kinetic coef icients has hitherto 
been unknown. The given paper tries to address this issue.

The limited values of heat transfer coef icients αi between sources and the working 
body were the irreversible factor in luencing the power output of the engine. Due to 
this the power output of the engine p were increasing with the increase of the heat lux 
and the corresponding irreversibility at irst, then reaching its maximum p∗ and then 
decreasing to zero.

For the linear kinetics of heat transfer

q(Tf,Tr) = α(Tf − Tr),                    (1)

where Tf and Tr are temperatures of a source and the working body respectively, the 
power output p of the heat engine relates to the heat lux from the hot source q+ as [19]

.                 (2)

Here  and α− are coef icients of heat transfer 

between sources and the working body.

The expression within brackets in (2) is the ef iciency value for the given power 
output. This output is bounded and could not be greater than

 ,                   (3)

The ef iciency value will approach the Carnot ef iciency ηrev if the power output 
strives for zero for the mode of maximum power output it is equal to the value obtained 
irst by Novikov and later by Curzon and Ahlborn

.

The value ηnca does not depend on heat transfer coef icients unlike the maximum 
power output. It depends only on the ef iciency of the reversible process

ηnca = 1 1 . revh- -                      (4)

The maximum difference between ηrev and ηnka is reached when the ratio of absolute 
temperatures of sources T−, T+ is equal to 0.25. In this case ηrev = 0.75 and ηnca = 0.5.

If the heat transfer laws is such that the heat lux is proportional to the difference 
of inverse values of temperatures 1/T− − 1/T+ (thermodynamic driving force), the 
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ef iciency value corresponding the maximum power output does not depend on α+,α− 

too. Its value is equal to the half of the Carnot ef iciency.

Systems consuming the heat energy will be called the thermal ones. They convert 
the heat energy into the separation work. The most common thermal system is the 
distillation column. The ef iciency value is equal to the ratio of the feed lux to the heat 
one for the distillation of ideal binary mixtures ([20,21]). In the reversible process (the 
power output is arbitrarily low).

,                    (5)

where AG is the speci ic separation work which is equal to the difference of the Gibbs 
energy of outgoing lows and the feed one; TD, TB are temperatures in the re lux drum 
and the reboiler.

The power output of the column increases with the increase of the heat lux, reaches 
its maximum and then decreases due to the irreversibility ( heat transfer within the 
reboiler and the re lux drum, mass transfer between vapor and liquid over the height 
of the column). The ef iciency value of the column corresponding to the maximum 
power output is equal to the half of the ef iciency for the reversible procces for the 
case when luxes of heat and mass transfer are proportional to thermodynamic driving 
forces [21].

η∗ = 0, 5ηrev.                     (6)

The ef iciency value of the heat engine increases monotonically with the increase 
of the ef iciency of the reversible process just like the ef iciency value of the separation 
system.

In 1994 P. Salamon formulated the problem: “For which laws of heat transfer within 
the heat engine of maximum power output its ef iciency does not depend on variables 
determining the irreversibility of processes α+ and α−?”

The answer to this question not only for heat engines but also for thermal separation 
systems is given below.

The solution of the Salamon’s problem is very important in practice, because 
consideration of irreversible variables requires a lot of information about process 
kinetics, hydrodynamics of an engine etc., and this information is not very accurate. So 
the fact the ef iciency value at the maximum power output can be computed using a 
minimum information (only the ef iciency value for the reversible process in this case) 
allows one to solve important problems considering irreversibility.

Thermodynamic balance equations are written below and it is shown how one can 
obtain the geometry of the realizability domain from this equations.

Conditions under which the ef iciency at maximum power output depend only on 
the ef iciency of the reversible process are considered.

Thermodynamic balance equations

Open systems. Thermodynamic balance equations for an open system in the non-
stationary non-equilibrium mode gives the relation between material, energy and 
entropy luxes both produced within system and external ones. Later we will assume 
that outgoing luxes have positive values and ingoing ones have negative values. 
System variables will be classi ied as intensive (temperatures, pressures, component 
molar fractions...) and extensive (volume, molar amount, entropy...) ones.

We will call a forcefully ingoing and outgoing low as convective one. A low 
depending on the difference between intensive variables of the system and the 
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environment at the contact point will be called a diffusive one and denoted by d index. 
Diffusive lows are created also within the system if there is the inhomogeneous ield 
of intensive variables.

The common form of thermodynamic balance equations is:

Energy balance: The energy comes to the systems and leaves it with convective 
lows of the matter, energy lows corresponding to the diffusive matter transfer, 

conductive heat lows and generated power output:

j j j

gjhj  gdjhdj  qj  p  0. + + - =å å å                   (7)

Material balance:. The balance between ingoing and outgoing convective and 
diffusive lows of the matter and lows corresponding to chemical reactions is observed 
for every i-th component:

                      (8)

where xij is the molar fraction of the i-th component within the j-th low, αiν is the 
stoichiometric coef icient of the i-th component in the equation of the ν-th reaction, Wν 

is the ν-th reaction rate.

Entropy balance: Change of the system’s entropy S occurs due to the in lux (de lux) 
of the entropy with the matter ingoing by convective and diffusive ways, in lux and 
de lux of the heat energy (qj/Tj is the change of entropy under the in luence of the j-th 
heat energy lux having the temperature Tj) and the energy dissipation σ due to the 
irreversibility of transfer processes occurring within the system:

.                  (9)

The entropy growth due to a diffusive in lux of the matter can be expressed through 
ingoing energy luxes qdj = gdjhdj. Because the Gibbs free energy per one mole is equal to 
φdj = hdj − Tdjsdj the speci ic entropy of the j-th diffusive low is sdj = (hdj − φdj)/Tdj, where 
sdj. If there are several substances in this low.

,                  (10)

where μdij is a chemical potential of the i-th component of the j-th diffusive low.

Given this the entropy balance equation will have the form

.               (11)

Equations for the energy, matter and entropy are

                  (12)

              (13)

             (14)

where niν = −αiνWν is the intensity of the formation the the i-th substance in the ν-th 
reaction Tν is the temperature of the ν-th reaction. If there are no external diffusive 
lows.

j j

gjhj  qj p  0,  + - =å å                      (15)
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                 (16)

                  (17)

Fluxes of the heat energy reduced or consumed during chemical reaction are also 
included above as separate heat energy luxes. Energy dissipation during various 
interaction. Expressions for the energy dissipation amount σ during various subsystem 
interactions within a heterogeneous system are written in this section.

Heat transfer: Let an isolated system consist of two subsystems having 
temperatures T1 and T2. The heat energy lux q between subsystems depend on T1 and 
T2  

sign q(T1,T2) = sign(T1 − T2), q(T1,T2) = 0 when T1 = T2.              (18) 

Rates of change of the entropy of subsystems are

,

so

,              (19)

if the heat lux is proportional to the difference of temperatures.

q = α(T1 − T2).

The energy dissipation is non-negative due to (18).

If the heat lux is proportional to inverse values of temperatures (Fourier’s law) 
then

 ,                    (20)

Isothermal mass transfer: For two homogeneous subsystems having the 
temperature value T and chemical potentials μ1 and μ2, the low of the k- th substance 
gk cause the following entropy change.

    

The rate of change of the overall entropy value (energy dissipation amount)

.               (21)

Laws of the heat transfer satisfy the condition of non-negativity of σ if μ1  μ2. If the 
k-th is proportional to the difference of chemical potentials gk = αk(μ2k − μ1k) then

.                   (22)

Non-isothermal heat and mass transfer: If temperatures and chemical potentials 
of subsystems have different values and there is a heat and mass transfer process, the 
energy dissipation will be also expressed through the product of luxes and driving 
forces as
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 ,                (23)

where qk are energy luxes, gk(μ1,μ2,T1,T2) are material luxes. Material luxes depend on 
the difference of temperatures and chemical potentials in general case.

If luxes depend linearly on driving forces (Onsager kinetics), the energy dissipation 
will be the positive de inite quadratic form of luxes. This form strives to zero when the 
luxes are arbitrarily low or when coef icients αk (surfaces of heat and mass transfer) 

are arbitrarily large.

Deformation interaction: In this case we have two subsystems separated by 
the piston. Pressures of subsystems will be denoted as p1 and p2, the temperature of 
subsystems is T. The difference of pressure values cause the motion of the piston with 
the velocity v.

The energy dissipation is the ratio of the energy q = v(p1,p2)(p1 − p2) dissipating with 
the motion of the piston and the temperature:

.                  (24)

The form of the relation between the velocity and difference of pressures is 
determined by the type of the friction. If the velocity is proportional to the difference of 
pressures with the coef icient α (viscous friction), the energy dissipation will be equal 
to the squared value of the velocity divided by α.

Chemical reactions: In this case there is a thermodynamic system with a constant 
temperature T and pressure p. There is a chemical reactions within the system

                                                   (25)

where j is the number of a reaction, Bi are components of reactions, Ij1 and Ij2 are sets of 
indices of reagents and products, αij are stoichiometric coef icients (they are positive for 
products and negative for reagents), k1j and k2j are rates of direct and reverse reactions.

If one denotes the rate of the j-th reaction as Wj, the change of the molar amount of 
the i-th substance will be equal to

                   (26)

The energy dissipation for chemical transformations has the form

,                 (27)

where Aj = −  is the chemical af inity of the j-th reaction. For the equilibrium 
state of a reversible reaction Aj = 0. Rates of reactions are proportional to Aj near the 
equilibrium point, so the energy dissipation is equal to the sum of squares of these 
rates, divided by proportionality coef icients times temperature. Rates of reactions 
depend on molar fractions of components, the temperature and the pressure of the 
reactor.

Features of thermodynamic balance equation: The most general features of 
thermodynamics balance equations are

• There are n+2 equations, where n is the number of substances within the system.

• If there are no chemical reactions, all of the equations apart from the entropy 



Finite-time thermodynamics: Realizability domains of thermodynamic systems and P. Salamon’s problem of effi  ciency corresponding to 
maximum power output of the system

Published: October 16, 2018 058

balance are linear ones. The entropy balance has only one non-linear term in 
this case, this term in the energy dissipation.

• The energy dissipation is equal to the sum of luxes times driving force values 
for every low. This sum is non-negative because sign of luxes and driving force 
values are the same.

Fluxes increase with the increase of driving force values, so the growth of the energy 
dissipation is super-linear. In particular, the energy dissipation is the positive de inite 
quadratic form of luxes when the linear (Onsager) kinetics of transfer processes is 
assumed to be true.

Relation between the geometry of realizability domain and energy 
dissipation: Thermodynamic balance equations allows one to analyse the relation 
between the ef iciency, the process organization, the energy dissipation σ, external 
luxes and the structure of the system. The structure of the system and the process 

organization determine the irreversibility of the system and in luence outgoing luxes 
if ingoing ones are considered constant, due to (14). The growth of σ leads to the growth 
of the entropy of outgoing luxes at the expense of decreasing their temperatures or 
increasing the lux itself if the temperature is considered constant. It leads to the 
decrease of the target lux (mechanical or separation work) in both cases.

The ef iciency of the thermodynamics system is equal to the ratio of the produced 
work to the value of the energy consumed. It reaches its maximum if the process is 
reversible (when σ = 0) and decreases monotonously with the growth of the consumed 
energy lux.

Below we will illustrate the algorithm of formulating this relation by example.

Heat engine: The heat engine transforms the heat taken from the reservoir with 
the temperature T+ (the hot source) into the work. If the working body gives the part of 
its energy to the cold source with the temperature T−, its entropy will not change. The 
product of the power output p and the lux of the heat energy taken from the hot source 
can be viewed as the ef iciency criterion in the stationary mode (thermal ef iciency η 
= p/q+).

The energy and entropy balance equations (12), (14) for the working body are

q+ − q− − p = 0,                      (28)

.                  (29)

One can deduce the relation between the power output and the energy lux (the 
boundary of the realizability domain) after elimination of q− from these equations:

.              (30)

The energy dissipation depends on the irreversibility of the heat transfer. It 
increases with the increase of heat luxes. The form of the relation σ(q+) is close to 
quadratic. Due to this fact the power output increases upto the value  with the 
increase of the heat lux. At this value the following relation is true

The power output decreases after reaching this point.

Heat pump: The system with the heat pump uses its power input p to transfer 
the heat q+ from the cold source with the temperature T− to the hot one with the 
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temperature T+. The heating factor  serves as the ef iciency criterion.

Energy and entropy balance equations (12), (14) now have the form

.              (31)

After elimination of q− one will obtain

The relation between the energy dissipation and heat transfer lux q+ is close to the 
quadratic function, so the performance of the heat pump monotonously increase with 
the increase of the power input, but its ef iciency decreases because the function q+(p) 
is concave.

The difference of the geometry of realizability domains for a heat engine and a heat 
pump is explained by the fact that in the irst case the energy dissipation increases 
with the increase of q+, but in the second case the energy lux is the target one.

Stationary heat transfer: There is a system of two material lows exchanging the 
heat energy with each other. We will assume that the pressure difference is negligible. 
We will denote the lux, the heat capacity, the temperature and the speci ic entropy (at 
the entry and exit point correspondingly) of the i-th low as gi, Ci, Ti0, Tif,si0,sif, where i = 
1, 2; Wi = Cigi is the water equivalent of the i-th low.

Energy and entropy balance equations (12), (14) now has the form

W1(T10 − T1f) + W2(T20 − T2f) = 0,                 (32)

g1(s10 − s1f) + g2(s20 − s2f) = σ,

where σ is the energy dissipation due to the irreversibility of the heat transfer process

If the heat lux is given q = W1(T10 − T1f), then from (32)

.

After substitution of these expressions into the entropy balance equation one will 
obtain

.

If material lows can be considered as ideal gases, the energy dissipation during the 
isochoric heat transfer will have the following form

 ,

so the equation (32) will take the form

.                  (33)

The ratio  has the same unit as the temperature. This ratio 

depends on the value of the average temperature of the i-th material lux. If the 
temperature difference is arbitrarily close to this average temperature the following 
expression is true (Θi ≈ 0,5(Ti0 + Tif)). We will call Θi the effective temperature of the 
i-th low. It follows from (33) that the effective temperature of the low being heated is 
decreasing with the increase of the irreversibility of the process. The boundary of the 
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realizability domain has the form:

.                   (34)

If the heat lux and temperature T10 are given the value of Θ1 will be constant. 
Minimization of the energy dissipation σ by varying W1, W2 and the structure of the 
system allows to enlarge the effective temperature of the low being heated or reduce 
the heat lux when the temperature of this low is constant.

Distillation: There is the process of separation of the mixture, containing two 
components of fractions (each containing several components). We will denote the 
molar lux, the temperature, the speci ic entropy, the pressure, the speci ic enthalpy, 
the molar fraction and the chemical potential of the key component within the i-th low 
as gi, Ti, si, pi, hi, xi, μi correspondingly. The index i = 0 corresponds to the low being 
separated, i = 1 corresponds to the low enriched with the key component (so that x1 

> x0), i = 2 corresponds to the low puri ied from the key component (x2 < x0). The heat 
lux q+ is taken from the source with the temperature T+ and the heat lux q− goes to the 

source with the temperature T−.

Material, energy and entropy balance equations (12), (13), (14) for the distillation 
have the form:

                 
(35)

Two latter equations can be rewritten to contain the increment of the enthalpy and 
entropy but not their absolute values. Considering (35), one can express the value of 
g0 through luxes g1 and g2

q+ − q− + g1∆h01 + g2∆h02 = 0,                   (36)

∆smi = R[(1 − xi)ln(1 − xi) + xi lnxi],  i = 0,2.

                                                                                                                                                        (37)

Here ∆s01 = s0 − s1, ∆s02 = s0 − s2 are increments of the entropy, ∆h01 = h0 − h1, ∆h02 = h0 

− h2 are increment of enthalpy of corresponding lows.

Molar fractions of the key component within every low are usually given.

The ratio of the target lux g1 and the heat energy lux q+ can be used as the 
ef iciency value of the distillation:

.                  
(38)

Using material balance equations (35), one can express g2 through g1 and then 
denote a = (x1 − x0)/(x0 − x2). The second lux is g2 = ag1. Equations

(36), (37) will have the form

q+ − q− + g1(∆h01 + a∆h02) = 0,                (39)

.              (40)

One can obtain q− = q+ + g1(∆h01 + a∆h02) from (39) and then substitute this expression 
into (40) obtaining the expression for the boundary of the realizability domain

.               (41)
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Here F = T−(∆s01 + a∆s02) − ∆h01 − ah02. Increments of enthalpy and entropy in F 
have the form

,

Entropy of mixing for one mole of the mixture of the i-th low is given by

∆smi = R[(1 − xi)ln(1 − xi) + xi lnxi],  i = 0,2.

The ratio T−/F depends only on reversible factors. The energy dissipation σ for the 
reversible process is zero and the ef iciency value has its maximum that is equal to 
the multiplier standing before the heat lux (41). This value is called the reversible 
estimate for the ef iciency.

After inding the minimum irreversibility of the process, i.e. inding the minimum 
value of σ for the given performance and kinetics of heat and mass transfer, and its 
relation with transfer coef icients and the heat lux one can make the estimate of the 
ef iciency more accurate and also plot the boundary of the realizability domain.

Every material low of the system can be viewed as the target one, because their 
luxes, if given, are proportional to each other. We will view the feed low as the target 

one.

As shown in [21] the energy dissipation is proportional to the square of q+ when 
heat transfer lows in the reboiler and re lux drum are proportional to the difference 
of inverse values of sources and environment, and mass transfer within the column is 
proportional to the difference of chemical potentials. The expression for the boundary 
of the realizability domain (41) in this case has the form

.                        (42)

The performance is maximal if . Its corresponding value is  , 

the corresponding value of the ef iciency is 

Absorption-desorption cycle: If the separation is carried by the circulation of 
the working body with the alternate absorption or adsorption at the irst half-cycle 
and the desorption at the second half-cycle, the expression for the ef iciency including 
chemical potentials will be obtained from thermodynamic balance equations of the 
working body.

The change of the mass ∆M, the internal energy ∆E and the entropy ∆S for the whole 
cycle is zero due to periodicity. Balance equations contain average material and heat 
luxes. It follows from the material balance that the lux of absorbed substance during 

the irst half-cycle and the lux of the desorbed substance during the second half-cycle 
are equal. We will denote them as g. Energy and entropy (12), (14) balance equations 
will have the form

q+ − q1 + g∆h01 = 0,                    (43)

.                                  (44)

It follows from (43) that q− = q+ + g∆h01. Substituting this expression into (44) one 
can obtain the relation for the boundary of the realizability domain:



Finite-time thermodynamics: Realizability domains of thermodynamic systems and P. Salamon’s problem of effi  ciency corresponding to 
maximum power output of the system

Published: October 16, 2018 062

.                  (45)

The function ϕ depends from the parameters of the input low and the low enriched 
with the key component, like F in (41):

.

If temperatures of the mixture being separated and the irst low are equal (T0 = T1 = 
T), the enthalpy increment is ∆h01 = 0 and expression for ϕ will take the form

.

In order to plot the boundary of the realizability domain one should eliminate all 
luxes but the target and supply ones from thermodynamic balance equations and the 
ind the relation between the energy dissipation and these luxes. If thermodynamic 

balance equations are linearly dependent of luxes, the non-linearity of the boundary of 
the realizability domain will be determined only by the relation between σ and luxes.

In all cases considered above the value of the ef iciency decreases with the increase 
of the irreversibility. For the systems having the mechanical or separation work as the 
target low and the supply low is the heat energy the performance value reaches its 
maximum at some inite value of the heat energy supply.

Ef iciency value corresponding to the maximum performance of the system: 
The performance (power output) g and the heat energy supply are proportional to each 
other when σ = 0 because thermodynamic balance equations (12), (13), (14) are linear 
at the same condition. The corresponding ef iciency is the ef iciency of the reversible 
process ηrev. If there is some irreversibility, the relation between the performance and 
the energy supply will have the form:

g = ηrevq − F(A)σ(A,a,q).                 (46)

Here variables denoted by A correspond to reversible factors such as temperatures 
of sources, a composition of low, etc. The value of ηrev is also a reversible factor. 
Irreversible factor such as heat and mass transfer coef icients are denoted by a.

Given that g∗,q∗ are the maximum performance and the corresponding energy 
supply respectively, the ef iciency value will be given by

.                          (47)

Here q∗ is the root of the following equation

.                             (48)

In the most general case both the root of (48) and the value of the ef iciency 
computed from (47) depend on a and A. However there are a plenty of important cases 
when η∗ does not depend from a. The following statement is true:

Suf icient condition for η∗ to be independent of a: If both and the 

ratio  depend continuously on the value of some scalar function z(A,a,q), the 

ef iciency of the system corresponding to its maximum performance will depend only on 
A, where A are variables of the reversible process.

Indeed, if this condition is satis ied the equation (48) determines z through A and 
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after  substituting the root of this equation into the ef iciency 

η∗ will depend only on parameters of the reversible process. One does not need to 
deduce the expression for η∗ itself, it is suf icient to test if the condition written above 
is satis ied.

If the law of the heat transfer between the working body and the source can be 
written as

q(T,T+) = αq0(T,T+),                   (49)

and the function q0(T) (here T is the temperature of the working body) is monotone 
for each value of the temperature of the source T+, the following consequence from 
the suf icient condition given above is true: The ef iciency of the heat engine ηrev 

corresponding to its maximum power output depend only on parameters of the reversible 
process for each type of heat transfer kinetics of the form (49).

Indeed, if q0 is monotone, the temperature of the working body will be the function 
of q/α meaning that the driving force of the heat transfer X(T,T+) also depends on this 
ratio. The energy dissipation is the product of the heat energy lux and the driving 
force, so its derivative by q is given by

.              (50)

So this derivative depends also on the value of q/α.

From the other side one gets the following expression from (47):

.                (51)

So, due to the suf icient condition given above the ef iciency corresponding to 
the maximum power output does not depend on the value of α for every type of heat 
transfer kinetics of the form(49). Of course, η∗(ηrev) depends also on the value of q0 but 
not α.

The ef iciency corresponding to the maximum performance does not depend on the 
size of the engine, because α increases with the increase of the surface of the contact of 
the working body and sources, and the relation between the heat energy lux and the 
temperature of the working body is always monotone. It means that both the maximum 
performance and the heat energy supply increase in the same number of times with 
the increase of the size of the engine.

If , then  and . The suf icient condition is 

satis ied and .

The necessary condition of the independence follows from the fact the for the 
maximum performance the ratio

 

must not depend on values of a. The necessary condition has the form:

.                              (52)

It is easy to prove that this condition is satis ied in all of the cases above.
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The igure 1 shows how the boundary of the realizability domain looks when

 

∗

satisfy the conditions of the independence from a.

The same conditions are true for those separation processes whose boundary of 
the realizability domain is determined by (45).

Optimal separation fl owsheets

We will take the problem of optimal separation lowsheets as an example of the fact 
that the ef iciency corresponding to the maximum performance does not depend on 
parameters of the irreversible process.

The energy dissipation increases and the realizability domain becomes narrower 
when α decreases, but points of the maximum performance and the corresponding 
heat energy supply stay on the line having the slope η∗(ηrev).

It is important that if the ef iciency of the reversible process for one engine is 
greater than for another one, the same will be true for both engines for the realizable 
irreversible process too. Indeed, denoting the ratio of the heat energy supply q and its 
value corresponding to the maximum power output q∗ as q0 one can get

,

where q0 ∈ [0,1].

This property can be used for solving the problem of choosing the optimal 
separation lowsheet for the system of two engines using the condition of the minimum 
overall heat energy supply. The feed lux, its composition and composition of products 
are given so the separation work A0 is also given. The relation between the ef iciency 
of the reversible process and the irreversible one allows one to choose the optimal 
separation lowsheet using the condition of the maximum ef iciency of the reversible 
process (minimum heat energy supply for the reversible process).

Components are ordered by the value of some property γ used for the separation 
(for distillation it is the boiling point temperature). Values γ are normalized to [0,1].

The order of the separation can be of two types:

Direct: the components with γ < γ1 are taken out on the irst stage. Components with 
greater values of γ are separated on the second stage into two products. Components 
of the irst one have γ1 ≤ γ < γ2 and components of the second one have γ ≥ γ2.

Indirect: the component with γ > γ2 are taken out on the irst stage. Components 
wit lesser values of γ are separated on the second stage into two products. Components 
of the irst one have γ1 ≤ γ < γ2 and component of the second one have γ ≤ γ1.

Figure 1: Changing of boundaries of the realizability domain when the irreversibility increases.
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The entropy of lows being separated decreases proportionally to the separation 
work with the factor RT0 — the product of the gas constant and the temperature of 
the environment (this factor is included into A below). The decrease of the entropy 
of the material low must be compensated by the increase of the heat energy supply 
low δsq = q (1/T− − 1/T+) for the reversible process, where temperatures T+ and T− 

are temperatures of the heat energy supply and out low respectively. The heat energy 
low becomes proportional to the separation work on every stage. The factor of this 

proportionality is called the temperature coef icient:

.

Temperature coef icients depend on the lowsheet chosen, because the 
temperatures of the reboiler and the re lux drum depend on the composition of the 
feed low and increase monotonously with the increase of γ. This temperatures can 
be found using the Antoine equation [1]. The overall heat energy supply depends on 
the lowsheet chosen unlike the overall separation work, because of the existence of 
temperature coef icients.

Denoting temperature coef icients corresponding to the separation boundaries 
with γ1 and γ2 as KT1 and KT2 respectively and denoting values of the separation work 
for the second stage for the direct and indirect order as A21 and A22 respectively one can 
obtain the overall heat energy supply for both separation orders:

q1 = KT1(A0 − A21) + KT2A21, q2 = KT2(A0 − A22) + KT1A22.              (53)

The sign of the following difference determine the preferred order:

∆q = (KT1 − KT2)[A0 − A21 − A22].                 (54)

The direct order will be preferred if this difference is negative, the indirect one will 
be preferred otherwise. For the multi-stage system the rule (54) is true for every two 
subsequent stages.

The expression within brackets are non-negative because it is the separation work 
per mole of the feed low. It means that separation boundaries must be chosen such way 
that temperature coef icients will not decrease from the given stage to the next one.

The feature of the boundary of the realizability domain plotted on the ig. 1 leads 
to the fact that the lowsheet chosen will be optimal if one consider the irreversible 
process too.

Conclusion

Techniques of plotting the realizability domain of thermodynamic systems with 
irreversible processes are considered in the paper. The expression for the boundary of 
this domain is also given. It is shown that the ef iciency corresponding to the maximum 
performance depend only on properties of the reversible process under some 
conditions. It allows one to choose the optimal process structure without knowing the 
properties of the irreversible process.

Notation: ej: p: power output of the system; qj: the j-th heat energy lux; pj: 
pressure of the j-th low; vj: molar volume of the j-th low; σ: energy dissipation; T: 
thermodynamic temperature.

Indices: d: index of diffusive luxes; j: index of a lux; i: index of a component.
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